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We present the results of experiments designed to test the theory of x-ray transition radiation and to verify
the predicted dependence of the characteristic features of the radiation on the radiator dimensions. W'e have
measured the x-ray frequency spectrum produced by 5- to 9-GeV electrons over the range 4 to 30 keV with
a calibrated single-crystal Bragg spectrometer, and at frequencies up to 100 keV with an NaI scintillator.
The interference pattern in the spectrum and the hardening of the radiation with increasing foil thickness are
clearly observed. We have also studied the energy dependence of the total transition-radiation intensity using
a radiator with large dimensions designed to yield energy-dependent signals at very high particle energies, up
to E/mc —10'. The results are in good agreement with the theoretical predictions.

I. INTRODUCTION

A. charged particle moving through a medium
may radiate energy. The most common radiation
processes are bremsstrahlung and Cerenkov radi-
ation. A related phenomenon is transition radia-
tion, which occurs when the incident particle
crosses a sharp interface between two different
media and rapidly rearranges its electromagnetic
fieM, both in intensity and spatial extent. In the
case of a highly relativistic (y=E/mc'. »1) par-
ticle, mopt of the transition radiation is emitted
at x-ray frequencies. The energy dependence of
the radiation intensity is very different from that
of bremsstrahlung or Cerenkov radiation. Typ-
ically, a strong increase of the transition radia-
tion intensity is observed with increasing inci-
dent-particle Lorentz factor y, up to extremely
high values of y. This feature makes x-ray transi-
tion radiation very useful for the detection of high-
ly relativistic charged particles.

The intensity of the transition radiation emitted
at a single interface is very weak. Therefore in
practica. 1 applications' ' a radiator is used con-
sisting of a large number N of thin foils, and ra-
diation is produced at each of the 2N interfaces.
The total intensity. is then not just the sum of
the intensities from the individual interfaces;
rather, interference effects must be taken into
account. In the case of a single interface, the
intensity per unit frequency decreases mono-
tonically with increasing frequency, and the
total intensity is proportional to the Lorentz
factor. However, with a radiation consisting
of many foils, the interference effects lead to a
frequency spectrum which exhibits strong oscilla-
tions, and to a saturation in the total intensity.
The deta, iled calcul. ations, summarized below,
show that the positions of the interference maxima,
in the spectrum are governed largely by the ra-

diator-foil thickness, and that the onset of satura-
tion is determined by both the thickness and the
spacing of the ra.diator foils.

The theoretical expressions for the intensity in
the general case of many interfaces are quite

.complicated. However, the key features may be
summarized in two relatively simple statements
expressing the dependence of the radiation yieM
on the radiator parameters. %e consider x-ray
transition radiation of frequency (d generated by a
relativistic particle of charge qe in a radiator of
N foils of thickness k, separated by distances E,
in a gas or vacuum. The plasma frequencies of
the foil and gap materials are ~, and co„respec-
tively, where ~»~, »co,. In the usual. case, the
foil spacing is much larger than the thickness
(l, » l, ), a'nd the mass of the radiator is concen-
trated in the foils (l,~,'» l,cd, '). Then we expect
the following:

(1) X-rays are emitted at frequencies below yu&„
with a frequency spectrum which exhibits pro-,
nounced interference maxima and minima. At in-
cident particle energies near or above satura-
tion, most of the radiated intensity appears in the
highest frequency maximum, at frequencies near
(d —l~(di /27Tc.

(2) The total emitted transition radiation in-
creases with particle energy up to approximately

y~ = E~/mc'= 0.6(u, (l, l,)'~'/c.

Saturation sets in above y~. Below y~,
'

the total
energy radiated is approximately proportional to y:

2g QK ((d —(d ) 1 —e
$

~, +~, O, E, +o,l,
where n = e'/hc, and o; ' and o, ' are the x-ray at-
tenuation lengths evaluated at v = co in the foil
and gap materials, respectively.

These simple rules are useful. for qualitative
estimates. More explicit predictions must be
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made on the basis of the detailed theoretical cal-
culations. " Various accelerator experi-,
ments" "'""have been performed to test these
calculations. The first and simplest tests were
measurements of the average total intensity in-
tegrated over all frequencies and measured si-
multaneously with the ioniza, tion signal of the par-
ticle. The energy dependence and the s.aturati. on
of the total intensity have been studied in such ex-
periments""" "with electrons with & ~ 15 GeV
(y-3 &10') and radia. tors with y~ ~ 10'. For a
more detailed test of the theory, measurements
of the frequency spectrum have been at-
tempted, ' "' -' and in one such experiment, '" the
interference pattern and the hardening of the spec-
trum with increasing foil thickness have been ob-
served. In none of the. e experiments, - however,
has the explicit dependence of ~ or y, on i, and

l, been investigated.
In this paper we present the results of a. precise

measurement Qf the frequency spectrum of the ra-
diation produced by 5- to 9-GeV electrons. X
rays were' detected over the range 4 to 30 keV
with an x-ray crystal spectrometer, and at; fre-
quencies up to 100 keV with an NaI scintillator.
The details of the interference pattern and its de-
pendence of the foil thickness /, were measured,
and the experimental results are compared to the
explicit theoretical calculations. As a further
test of the theory, we have used the dependence
of y~ on l, and It, in order to design a radiator
from which the radiation yield is energy dependent
up to y~ =10', and have measured the total inten-
sity produced in this radiator by electrons of 5 to
30 GeV. Before discussing the experimental re-
sults, we shall summarize the theoretical pre-

-dictions and justify the two simple rules given
above.

II. THEORETICAL PREDICTIONS

In reviewing the theoretical predictions, we fol-
low closely the treatment in an earlier publica-
tion. We briefly discuss the radiation emitted at
a single interface, emphasizing the close relation-

'V

ship between transition radiation and Cerenkov ra-

&1/4.eicot (1 ~ 8 eos8)dg,
~a oo

wher'e we 1ncorporate the dielectric cQnstant
into the time integral. The dielectric constant
takes the form &(t) = &„ for t& 0 and &(f) = &., for
t&0. In Eq. (2a), & is the angle between the inci-
dent particle and the emitted photon. Immediately
we see that the largest contribution to the integral
comes from times'

1
+jan —&, ,

and path lengths

cos&) '

c . Z
(u(1 —&, ,'~'P coso) 2

in the two media. The lengths Z, and Z, (referred
to as the "formation zones") characterize the dis-
tances from the interface in the respective media
over which the transition radiation is generated.
The integral can be evaluated over the pathlength
from -PcT to PcT, in the limit T- ~:

diation, and th n proceed to the typical case of
a. radiator consisting of many thin foils. We first
present the results in the absence of x-ray ab-
sorption, and then consider the more realistic
case in which x-rays may be reabsorbed in the
radiator. The treatment is based entirely on
classical electrodynamics; quantum effects need
to be considered only at high frequencies where
pair production becomes possible. ' We neglect
the influence of multiple scattering of the incident
-particle on ".h». emission of the radiatloH. ; this pIQ-
cedure is justified in Appendix A.

Consider the radiation emitted by a, pa.rticle
irioving with uniform veloi". ity pc along the trajec-
tory r= Pet. The particle crosses the interface
between two different media at time I;= 0 and at
normal incidence, and emits radiation with inten-
sity per unit. solid angle and unit frequency de-
rived from the I j.enard-%iechert potentials in the
standar d fashion':

1'8 i &q Paean&)
'

dgd(d c 2Ã

CO piet) &(1 8 case) M&(l ] ~ 2g cose) .

g&/4eitdt (~-~ 8 case)dt l&~ q &/~ q &/~
i&a ' 1 —&,'~'P cos& ' 1 —e, '&'P cosH

x/e & x/c
1 2

1 —&,'~'P cos& 1 —e,~'P cos&

The terms involving T are the Cerenkov terms, which vanish in the integration over angles except at the
Cerenkov angles 0, ,= cos (1/e, , p). The remaining terms describe the transition radiation, which
vanishes when &, = &,. Squaring the integral over time and manipulating the Cerenkov terms, ' we find that
Eq. (2a) becomes
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dS 2e2& . 2c 1 qem'
pc T( sin'&, + sin'8, ) +-

dh) C c 4mc
in'e(e ' 'Z —e,' 'Z, )'dQ. (3)

. V'

The first term gives the Cerenkov radiation gen-
erated between Pc-T and PcT, and the second
term gives the transition radiation emitted at a
single interface. '""

In the limiting case of high energies and high
frequencies (to which we restrict ourselves
throughout this paper), the transition radiation is

.sharply peaked in the forward direction. If the di-
electric constants are taken to be of the firm &..2

= 1 —u&, ,'/~', then the most probable emission
angle can be computed from the transition-radia-
tion term in Eq. (3):

are now justified, and the detailed results are
given below.

A. Without absorption

In a radiator consisting of many thin foils sep-
arated by equal distances, the transition-radia-
tion amplitudes for each interface must be added
coherently. ' In the absence of x-ray absorption,
the radiation intensity per unit f'requency is given
by the familiar interference pattern"'"

d'S„d'S, , l, sin'N(l, /Z, + l,/Z, )

g ~ + (4) (9)

There may be considerable intensity, however,
up to the angle

d'S, 1 qe&ue'i'

dQd~ c 4vc )
The total transition-radiation intensity emitted

at a single interface' is proportional to Z.:
q'uk (ur, —(u,)'

3 (d~ + 602
(8)

This intensity is very 'weak —typically, the num-

ber of x rays emitted per interface is on the order
of —'. In order to enhance the x-ray signal to an

137
observable level, one therefore uses radiators
with a large number of interfaces. However, in-
terference then leads to a saturation of the total
intensity at high Z, and to a frequency spectrum
characterized by oscOlatioris about the single-in-
terface spectrum. . The characteristic features of
the radiation are expressed in the two'simple
rules given in the Introduction, which express the
dependence on the radiator dimensions. These

m8x y2

Above 8, the transition-radiation intensity
drops to zero because &,

' 'Z, approaches &,
' 'Z2

in Eq. (3). The intensity decreases monotonically
with increasing frequency, and drops away sharply
at frequencies above yes» since &,

' 'z, =&2' '&2
for co»yv, . In this limiting case of high energies,
high frequencies, and small angles, the forma-
tion zones can be written as

4C —+- ' +~le 2 ~ y2 ~2

and the transition-radiation intensity from a single
interface is then given by

where d'S, /dQdm is the single-interface intensity
from Eq. (7). The physical significance of this in-
terference pattern can be understood as follows:
In the rest frame of the rapidly moving particle,
h resonance can exist between the wavelength X'

and the radiator period. In practice, the most im-
portant case is that of interference between the
two interfaces of a single foil."" The amplitudes
emitted at successive interfaces have opposite
phase, as can be seen by interchanging the indices
1 and 2 in the integral of Eq. (2b). Therefore in-
terference occurs when a half-integer multiple of
&' equals the period l,'. Upon applying the Lorentz
transformations to relate the frequency and foil
thickness in the moving frame to those in the sta-
tionary laboratory frame, one obtains the reso-
nance condition

l,/Z, =(2m+1)v/2, m=0, 1, 2, 3, . . . .

in the laboratory system. When interference is
important both between the interfaces of a single
foil and between those of a single gap, one finds
the additional condition

(10a)

l,/Z, +l,/Z, =mr, m=1, 2, 3, . . . . (1ob)

Equations (10a) and (10b) are just the conditions
for the maxima, in Eq. (9).

Equation (9) is strictly true only for normal in-
cidence. However, it may be used in cases of non-
normal incidence'" as long as the angle P between
the incident trajectory and the interface is large
compared to 8, and the dimensions l, and l, are
measured along the trajectory —that is, one must
make the substitutions l, ,2- lz, /sing.

In most experiments, the observed quantity is
the intensity integrated over all angles. The in-
tegration of Eq. (9) has been performed analytical-
ly by Ter-Mikaelian"" and Garibian'"".
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=2Ã 'e'(l +l )'
, no abs

sin — ((d z
—&2) —&&

E~ + l2 460

2wc~ -(l, + l,)(u/&r'- (l,~,'+ i,~,')/»
[l (~ 2 —w2 )/2(u —2wcr] [l2((d2 —&q )/2& —2~c&]

The summation is performed over integers x in the range x;„~r- x, w'here

(lla, )

1 2 1 1 2 2

2WyC I, + l2

Equation (11a) is valid over thefrequency range

2wcr I Rwcr ' l,e,'+tv~,', 2wcr 2wcr ' l, w, '+l,e,'
l, + l, l, + l, y'(l, + l,) l, + l, l, + l., y'(1, + l,)

(1lc)

The bulk of the intensity is due to the terms near
+= +nin

An example of the frequency spectrum (11) is
plotted in Fig. 1. Also shown is the correspond-
ing single-interface spectrum dS,/d~ obtained by '

integrating Eq. (7) over angles. The characteris-
tic oscillations of the many-foil spectrum abopt
the single-interface spectrum are evident. Max-
ima in the spectrum appear at the extrema of the
sine function in Eq. (11a), at frequencies deter-
mined by the radiator dimensions and the plasma
frequencies. At. sufficiently high energies, where

T I iil il
l

r I~T
CHq/He

Without absorption
200 Foils

I

x „«1, most of the radiation is emitted Dear the
last maximum in the spectrum. In the usual. limit
l2» L„ this maximum appears near a characteris-
tic frequency determined by the thickness of the
radiator foils:

2

I

t
I

The total energy radiated can be computed by
numerically integrating Eq. (11a) over frequency.
The result of such an integration is shown in Fig.
2. The smooth curves give the total many-foil in-
tensities, normalized by the number of interfaces,
for three different radiators. The dashed Line is
the single-interface intensity from a CH, /He in-
terface, 8„=0.05& eV [Eq. (8)]. The many-foil

l0
10 p v —-r~-st ——-w-r —r~wg—

CV

C3
I

l0

I
CP

~Q

Z 10
CIP

CH& /Air

Xi = 250pm,
g2= 1.5cm
climax

= 88 keV

r /Air

5pm, Ie=1.5mm

x =12keV

l0
l00I0

x- Rciy Energy (keV)

FlG. 1. Comparison of x-ray energy radiated per keV
per interface by a singly-char'ged particle, (1/2N)dS&/
d(k&) for a many-foil radiator (solid lines), and dSO/

d(k(d) for a single CH2/He interface (dashed lines).
Curves are shown with absorption in the radiator (light

''lines) and without absorption (heavy lines). The many-
foil radiator is CH:/He with %=200, E&= 82 p, m, and
E&=1.4 mm.

10' —/

I I !~ l J I i Ill) I I I LLIII I I I J~ l I

10 10 10 10 10

y = E/mcs

FIQ. 2. Total energy radiated per interface in the
absence of absorption for a single CH2/He interface
(da, shed line) and for three different many-foil radia-
tors (solid line@), as a function of Lorentz factor. Ar-
'rows mark the saturation energies yz predicted from
Eq. (14c).
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curves follow the single-interface prediction ap-
proximately at low energies. As the energy in-
creases, additional terms with low x enter the
sum in Eq, (11a) until the energy is so high that
x „-1 and there pre .no remaining terms to con- .

tribute. The intensity then saturates. The Larges(
contribution to the intensity comes from the x= 1
term. We define the Lorentz factor yz((o) marking
the onset of saturation at a particular frequency
v such that this first term approaches its limiting
value at infinitely large y:

dS„/d(o(r = 1,y =y~((o))
dS~/d(d(x= 1,y- ~)

I (

Figure 2 demonstrates that this expression for y~
is quite accurate over a wide range of Lorentz
factors and radiator dimensions. "

B. With. absorption

The effect of x-ray absorption in the radiator
may be evaluated by assuming that the x rays are
initially emitted at random depths in the radiator.
Then the average fraction p((o) of emitted x rays
which actually escape from the end of the radiator
1s

Then, using the explicit expression (lla), we can
derive

(14a)

where
l

1+I,/l,
4176 1 —(d ~/2(d —12(d2 /2(d

(14b)

y~ =y Jo) ) =0.6(o,(l,l,)'~'jc. (14c)

[From (11c) and the condition x „~1, it can be
verified that & is always positive. ] At high en-
ergies, the bulk of the intensity is generated near

, so saturation in the total yield occurs near
y~((d ). If we choose &=O.OV, then (in the limit
l, (d,

' » l,&o,
' and l, » l,)

))( ( )
dSN

no abs
(16)

A different approach is to perform the coherent
summation of the radiation amplitudes from each
interface with complex dielectric constants, "
leading to the following form of the interference
pattern":

where o, , '(&o} are now the x-ray attenuation
lengths at the frequency e. We assume the ab-
sorption in a single foil is small. g is a. mono-
tonically varying function of (d (except near ab-
sorption edges) which approaches unity for weak
absorption (high frequencies) and decreases to
1/N(o;l, + o',l,) for strong absorption (low frequen-
cies). The intensity per unit frequency can then
be written, "

d'S„' d'S, „&„»&,, „,»&. . . . sinh'[(N/4)(o, l, +o, i,)]+sin~N(l, /Z, + l,/Z, )
dQda& dAd(d &, sinh'[~~(o;1, + o,l,) ] + sin'(1, /Z, + l,/Z, )

(1V)

For the radiators used in our experiments, we
have verified that the numerical integration of Eq.
(1V) over angles leads to a frequency spectrum
identical to that of Eq. (16). An example of this
spectrum is plotted in Fig. 1. Its structure close-
ly resembles that of the spectrum without absorp-
tion except that the radiation intensity is sup-
pressed at low frequencies.

As long as the effect of absorption is small near
, the qualitative features discussed earlier

remain essentially unchanged. For example, in
Fig. 3 are shown four frequency spectra, includ-
ing absorption, with N= 2QO, l, =1.4 mm, and l,
ranging from 16 to 82 pm. Arrows mark the po-
sitions of co . For the thin foils, the suppression
of the Low-frequency intensity by absorption leads
to calculated curves with maxima somew'hat high-

er than co . For the thicker foils, displacements
are due to inaccuracies introduced by the assump-
tion l, » l, in the derivation of Eq. (12); when the
condition /, »/, is not well satisfied, the positions
of the maxima are shifted slightly to lower fre-

quenciess.

At energies below saturation, the radiation
emitted per interface, integrated over all fre-
quencies, is approximately S=g(u& )S„where S,
is the total single-interface intensity given in Eq.
(8). The total energy radiated is then

S))(= Mq(en)a)() So (18)

below saturation, in agreement with Eq. (1).
We have tested these predictions experimentally.

Our results are described in the following sections.
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FIG. 3. Number of x rays emitted per ke7 per inter-
face, (1/2Nhco)dSN!d(he) (keV ), with absorption.
Spectra are plotted for four values of foil thickness E&

(16, 25, 50, and 82 pm). Arrows mark the frequencies

m~ given by Eq. (12) for each value of I,.

III. MEASUREMENTS OF THE FREQUENCY SPECTRUM

A measurement of the transition-radiation fre-
quency spectrum requires: (1) that the incident
particle be deflected from the detector in order to
avoid contributions to the measured signal due to
the ionization loss of the particle in the detector;
(2) that the detector be capable of resolving the
structure in the interference pattern; and (3) that
the detector be capable of distinguishing between
single-photon events and events due to two or
more photons. In previous experiments. "'"" the
incident particles were magnetically deflected and
a scintillator, solid-state detector, or proportion-
al counter was placed directly in the x-ray beam
and pulse-height analyzed. However, it is not pos-
sible with this technique to fulfill condition (3)—
that is, one cannot differentiate between a single
x-ray and several simultaneous x-rays with the

I

same total energy. One therefore measures only
the total intensity emitted per incident particle
rather than the single-photon spectrum given by
Eq. (16). This difficulty can be circumvented by
using very short radiators to minimize the prob-
ability of emission of more than one x ray. Fabjan

, and Struczinski" have observed the resulting in-
terference pattern in this fashion ~ith N& 30. In
the present experiment, all three conditions are
fulfilled. Using a high-resolution Bragg crystal
spectrometer, we have directly observed the sin-
gle-photon spectrum without resorting to untypical-
ly short radiators.

The radiators used with the crystal spectrometer
are listed in the first part of Table -I. They con-
sist of evenly spaced polypropylene (CH, ) foils or
of polyethylene. (CH, ) foam, with dimensions and
total lengths typical of the applications in which
transition radiation detectors have thus far been
used' ' (i.e. , they are characterized by ye=10~
and &u = 6-30 keV). We have used the spec-
trometer to measure the single-photon spectrum
produced in these radiators over the frequency
range 4 to 30 keV. The measurements and the re-
sults are presented in Sec. A below.

The radiators in the second part of Table I have
large dimensions appropriate for higher energies
(y~ = 10') and higher frequencies (u& = 86 keV).
In, order to study the spectrum from these radia-
tors at frequencies up to 100 keV, we have per-
formed measurements with an NaI scintillator in
the direct x-ray beam. In this ca.se, mu1tiphoton
events had to be taken into account. The results
are discussed in Sec. B.

This large variation in radiator dimensions was
chosen in order to study the theoretical predictions
over a wide range of frequencies.

A. Crystal measurements

The experiment was performed at the Cornell
Synchrotron. Figure 4 shows the experimental

TABI E L Radiator parameters.

Materials L ~ (cm) lo (cm) . M( (eV) ™2(eV) N /2//( ~m&x (keV)

Ms (MeV)

(X =0.6)

CH2/He

CH2/He

CH2/He

1.6 x10 ' 0.14

5.0 x10 3 0.14

8.2 x 10 0.14

21 0.3

0.3

1000

250

200

5.6 9.5x 10~

1.7x ].04

2.2x 10

Ethafoam
(CH2/Air) 3.0 x 10 3 0.10 21 0.7 300 ]..].x 10' 230 2.1

2.44 x 10 0.75

1.5
CH2/Air

CH, /Air 2.44x 10 '
21

21

0.7
0.7

200

100

31 8.6 x 104

1.3x 105

1800

2500 3.8
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Scintil lator Diffraction
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f
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FIG. 4. Experimental setup for the cr'ystal mreasure-
ments . .

arrangement. Electrons of 5 and 9 GeV produced
transitinon radiation in the rradiator, and were de-
flected away from the'x-ray detector with a mag-
net. The x rays passed through a 6-m-long helium
path and a 0.5 cm wide collimator. This narrow-
collimator aperture ensured that the entire crystal
face was illuminated at small, Bragg angles. The
scintillators 81, 82, S3, and A (where A had an
opening through the center matching the dimen-
sions of the collimator aperture) were used to de-
termine the' intensity and spatial distribution of
the incident electron beam.

'

Since the x-ray in-
tensity per electron was quite low, we required
very high incident electron intensities and there-
fore did not trigger on individual electrons. The
total electron intensity for each run was' deter-
mined by monitoring the number of coincidences
Sl S2. With the magnet current off, we measured
the fraction q =Sl S2 83.A/Sl S2 of electrons
whose trajectories passed through the collimator.
This fraction varied from @=20% at 5 GeV to y
=50% at 9 GeV. In order to normalize the mea-
sured x-ray intensity to the electron flux, to first
order we considered the measured x-ray intensity
to be due to a flux of parent el'ectrons of intensity
@S1 82. This approximation depends on the as-
sumption that the transition-radiation x rays fol-
low the trajectory of their parent electrons. in the
absence of a magnetic field. In the comparison
below of the measured data and the theoretical
predictions, we take into account the detailed an-
gular distribution of the x rays [Eq. (9)]. This
calculation requires a knowledge of the shape and
angular distribution of the incident electron beam,
which depends on the accelerator beam focusing
and on the effects of the multiple scattering of the
electrons. We have derived the electron angular
distribution from measurements of the diameter
of the electron beam incident -on scintiklator S1,
measurements (with the magnet off) of the frac-
tion Q of electrons passing through the collimator
with various thicknesses of plastic'(0-2. 5 cm) in
the beam, and measurements of the variation of

1000

100

I:I iF Effective Width

first order,
2d =2.848 A

I
— 1000 -

I I

PET Effect.ive

first order

100 =

10=

I I

Width

culoted,

oily imperfect

stol

, perfect

I I I I I I

5 10 15 20 25 30 '
2 4 6 8 10 t 2

x-Roy Energy. (keV j

FIG. 5. Effective widths of LiF and PET crystals.
Solid points are measured with balanced filters; open
triangles are measured with fluorescence lines. Cal-.
culated curves''are theoretical limiting cases of maxi-
mum and minimum effective widths.

y as the beam was steered across the collimator
aperture. These tests were performed frequently
throughout the runs in order to check the value of
y and to monitor changes in the focusing, align-
ment, and distribution of the electrons.

The spectrometer consisted of a lithium fluoride
(I iF) or a pentaerythritoi (PET) crystal and a
xenon/CO, proportional counter (5 cm thick, 1.5
atmospheres) whose output was pulse-height ana-
lyzed. The xenon counter was calibrated and
checked periodically during the runs with x-ray
sources —"Fe (5.9 keV), "'Sn (25 keV), and '"Cs
(32 keV). The crystals were sensitive to x-rays
oyer the range 4-30 keV, and were calibrated
over that frequency range with laboratory x-ray
machines. The results of these calibrations are
shown in Fig. 5, where the quantity plotted is the
effective width ~& for each crystal. The effective
width is a measure of the range of x-ray energies
at a given Bragg angle over which x rays are dif-
fracted. Since we are interested in measuring ef-
fects which vary over x-ray energy ranges'large
compared to the crystal resolution, we treat the
crystal as if its scattering efficiency at a given
angle were 100% over an energy range of width 5e
-about the Bragg energy, and zero at all other en-
ergies (i.e. , we approximate the respons'e of the
crystal by a square function). The points shown,
in Fig. 5 are measured effective widths; the
smooth curves are the theoretically expected max-
imum and minimum effective widths for extreme
crystal-surface conditions. The characteristics
of the crystals and the details of the calibrations
are discussed in Appendix B. The excellent reso-
lution provided by the crystals, and the require-
ment that the Bragg condition be fulfilled, account
for the elimination of multipboton events. Photo-
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FIG. 6. Pulse-height distributions measured in the
proportional counter. The solid points show transition
radiation from 1000 CH2 foils, and the open triangles
are obtained with a background radiator.

I

200

I

electric absorption was computed on the basis of
tabulated x-ray cross sections, "'"giving the
probability of an x ray at the Bragg energy propa-
gating from the radiator to the xenon counter and
then being absorbed in the detector. Thi.s proba-
bility increased from 53/o at 4 keV to 96Vo at 10
keV due to the increasing transparency of the in-
tervening material. , and then decreased to 271o at
30 keV due to the decreasing detector efficiency.
The combination of the high crystal resolution and
the inherent weakness of the radiation process led
to fairly low counting rates and required that
special efforts be devoted to shielding the appa-
ratus and minimizing background.

Figure 6 shows two superimposed pulse-height
distributions. measured with the I iF crystal set
for 9.1 keV x rays. One distribution was gen-
erated with a radiator in the beam; in the other
distribution the radiator was replaced by a solid
block of polyethylene of the same total mass. This
background test has been performed for every run.
The transition radiation peak at 9 keV is well re-
solved from background, and at 18 keV a small
second-order scattering peak can be seen. , The
fraction of 9-keV x rays which arrive simultan-
eously and masquerade as single 18-keV x rays
is less than 10 '. The width of the x-ray- peaks
in Fig. 6 is determined by the resolution of the
proportional counter and not by 'the resolution of
the crystal. The vertical scale is x rays per 10'
electrons in S1 S2. Because of the high resolution
of the crystal and the low x-ray intensity, more than
10' electrons were needed for each 9-keV x-ray
count.

In Fig. 7 are shown the results of our measure-
ments for three radiators with different foil thick-
nesses, plotted as the number of x rays per inter-
face normalized to the measured number of parent

Thickness =82
200 Foils

2
~-9 GeV
~ -5 Gev

/q

I I I I ( I I I I

l

I I jl/ I lljillllillilllill

lxl0— I 5GeV

6-

Thickness = 50 p.
— 250 Foils

2-

C)

CL

'lxf0

le'
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1xl0

5 l0 20 50 40
x-Ray Energy IkeVj

, FIG. 7. Number of transition-radiation x rays per
keV per interface emerging from three CH2/He radia-
tors with different foil thicknesses. The points (solid
points for 5-GeV and open symbols for 9-GeV electrons)

'

are measured data; and the curves (dashed lines for 5
QeV and solid lines for 9 GeV) are calculated spectra.

electrons yS1 S2. The foils are polypropylene
spaced by 1.4 mm of helium, with thicknesses
16-82 pm. The number of foils in each radiator
(200-1000) is chosen such that the total mass (and
hence the photoelectric absorption and multiple
scattering) is approximately the same in each
case. The data points are corrected for the ef-
ficiency of the crystal and the xenon counter, and
for the transmission of the absorbing material
(mainly helium) between the radiator and spec-
trometer. Typical error bars are shown. They
are due to the uncertainty in the crystal calibra-
tions, small changes in the electron-beam focus-
ing, and, at low. intensities, uncertainties in the
background subtraction.

The curves in Fig. 7 are theoretically predicted
spectra. These are derived from Monte Carlo cal-
culations based on the interference pattern of Eq.
(9), which gives the free(uency and angular dis-
tribution of the radiation. The calculations take
into account the angular distribution of the inci-
dent electrons and the absorption in the radiator
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calculated for each x-ray as a function of its in-
dividual starting point in the radiator. Uncertain-
ties in the x-ray cross sections and the statistics
of the Monte Carlo calculations introduce an un-
certainty of up to +5' into the calculations. Our
measured intensities are systematically lower
than the predicted intensities by about 15%. The
calculated values in Fig. V are therefore multi-
plied by a constant overall normalization factor
of 0.85.

The data points follow the calculated spectral
shapes excellently. The maxima and minima due
to iriterference effects are well resolved and ap-
pear exactly at the calculated frequencies. The
radiation hardens as expected with increasirig foil
thickness. Since these measurements are made
with particle energies near or above saturation,
the bulk of the radiation is expected close to the
last maximum in the spectrum, near &d = l,~,'/
2rrc [Erl. (12)]. This expression assumes the ra-
diator to be transparent at ~, and it further as-
sumes that the spectral shape is primarily deter-
mihed by single foil iriterference (i.e. , I, » l,).
For the 82 and 50 pm radiators, the last maxima
are measured at 23 and 15 keV, respectively,
while v =29 and 18 keV. As-discussed in Sec.
II, this small shift in frequency arises because
the condition l, »/, is not well satisfied. In the
case of the 16 pm radiator, with a measured max-
imum at 9 keV (rd ~= 6 keV), reabsorption at low
frequencies strongly influences the spectral shape
and suppresses the low-frequency structure.

Saturation is expected at electron energies be-
tween 5 and 11 GeV. Consequently very little en-
ergy dependence is noticeable in the measured
spectra. The saturation energy should increase
slightly with increasing foil thickness, and in fact
a small energy dependence appears to be present
in the results for the thicker radiators near ~

We have presented preliminary results in an
earlier publication" in which the izieasured data
points were compared to the spectrum (16) com-
puted without takirig into account effects due to the
angular distributions. The calculated spectral
shape-matched the measured spectrum very well,
but the measured values fell below the calculated
curves by about 36Vo. In the present calculations
this discrepancy has been reduced to 159o by taking
into account the effects of the angular distributions
of both the x-rays [Erl. (9)] and the electrons.
However, - the calculations of the electron distri-
bution neglect halos around the beam, scattering
from beam pipes, and other detailed irregularities
in the beam which tend to broaden the angular pat-
tern. Such effects, coupled with the various ex-
perimental and computational uncertainties men-
tioned above, are undoubtedly the major cause of
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FIG, 8. Frequency spectrum produced by 5-GeV elec-
trons in Ethafoarn. The solid points are measured re-
sults. The curve is calculated for an equivalent CH2/air
foil radiator with N=300, i&=30 jum, and E2=1 mm.

the remaining 15 Vo discrepancy in the absolute
scale. This discrepancy does not indicate a sig-
nificant departure from the theoretically expected
behavior.

We have also measured the frequency spectrum
of a plastic foam radiator (Ethafoam, manufac-
tured by Dow Chemical Co.). Ethafoam is a
closed-cell polyethylene foam composed of irreg-
ularly shaped cells of diameter approximately 1
mm and wall thickness about 30 pm. The gas in-
side the cells is air. Previous accelerator tests"
have shown that the total yield from an inhomo-
geneous foam radiator with average wall thickness
(I,) and cell diameter (l,) is approxiinately the
same aS that from a foil radiator composed of the
same materials and with equal l, , /„and total
length. This is expected if the deviations of the
cell- dimensions from the average are sufficiently
small. " The light weight, convenience, and rela-
tive inexpensiveness of foam radiators compared
to foil radiators make them attractive for large
scale practical applications. In particular, Etha-
foam has been used as the radiator material in
the balloon-borne transition-radiation detector for
high-eriergy cosmic-ray electrons described in
Ref. 1.

The spectrum of the radiation emitted by 5 GeV
electrons in a 30 cm long Ethafoam radiator, mea-
sured with the I iF crystal, is shown in Fig. - 8.
The smooth curve is the theoretical spectrum,
calculated and normalized as above, for an equiva-
lent foil radiator with R= 300 and dimensions l,
= 30 pm and /, =1 mm, Reabsorption due to the
air inside the cells suppresses the low-frequency
points, but the spectrum peaks near co as ex-
pected. The measured peak appears between 10
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and 15 keV, and fits well with the sequence shown
in Fig. 7 of peak positions increasing with in-
creasing foil thickness. The good agreement be-
tween the measurements and the calculated curve
provides further confirmation of the similar be-
havior of foi.l and foam radiators.

B. Direct-beam measurements

1000

800-

600-

I
4oo y'

6-4 GeV Electrons

The crystal spectrometer was used up to 30 keV.
In order to measure the total radiation intensity
per incident electron generated in radiators with
large dimensions at frequencies up to 100 keV,
we replaced the spectrometer wit& a thin NaI scin-
tillator directly in the x-ray beam. The scintil-
lator was 0.37 mm thick, and had an x-ray detec-
tion efficiency of 26/o at 86 keV and 10% at 130
keV. The absolute x-ray energy scale was ob-
tained by calibrating with "'Fe (5.9 keV), '"Sn
(25 keV), '4'Am (60 keV), '"Ba (31, 80 keV); and
"Co (6, 14, 122 keV) x-ray sources. The radiators
consisted of polypropylene foils in air, with N

=200, l, =244 pm, l, =0.75 cm, and N=100, l,
=244 pm, l, =1.5 cm. Runs were made at an elec-
tron energy of 6.4 GeV.

The direct-beam observations required much

lower beam intensities thin did the crystal mea-
surements. We were therefore able to trigger on
individual .electrons. For each event, a coinci-
dence 81.82 b was required, where b was an ex-
ternal beam pulse which marked the accelerator
beam spill. The trigger effectively removed con-
tributions from the general room background.
However, since we now derived the spectral shape
entirely from the pulse height analysis, contribu-
tions due to neutral background coming down the
beam line in association with the electrons could
not be separated from the transition radiation.
We performed runs to measure the intensity and

spectrum of the background by replacing the ra-
diators with solid blocks of plastic in the beam
with thicknesses equal to the total radiator thick-
nesses.

In Fig. 9 are shown pulse-height distributions
obtained with the two radiators. The smooth
curves are the result of Monte Carlo calculations.
These calculations are based on the single-photon
distribution (9) and use the same angular distribu-
tion and overall normalization as described above.
Each x ray emitted by a given electron is individ-
ually propagated through the radiator, the absorb-
er material, the collimator, and the detector. Es-
cape of fluorescence photons and photoelectrons,
and fluctuations arising from the detector reso-
lution, are taken into accost. This gives the
distribution of the total x-ray signal per incident
electron, which must then be folded together with
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FIG. 9. Pulse-height distributions measured with the
NaI scintillator directly in the x-ray beam. Smooth
curves are calculated distributions.
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IV. HIGH-ENERGY MEASUREMENTS

OF THE TOTAI. INTENSITY

Experiments which have measured the energy
dependence of transition radiation""' "have gen-
erally been performed with electrons with &- 15
GeV (y ~ 3 & 10'). In those experiments" '4'"'" in
which transition-radiation signals have been ob-
served at electron energies above 15 GeV, the

the measured background distribution. The curves
in Fig. 9 are the result of this convolution. The
measured and calculated distributions agree very
well.

It must be realized that these direct-beam mea-
surements show intrinsically less sharp structure
than the distributions measured with the spec-
trometer. This is due to the presence of back-
ground and multiple-x-ray events, and to the
poorer detector resolution. However, the ex-
pected structure can still be seen. Although the
last maximum, near 86 keV, does not appear be-
cause the electron energy is a factor of 7-. 10 be-
low saturation (see Table I), the next two maxima
are observed at 28 and 17 keV as expected. The
spectra measured in the two radiators (which dif-
fer only in the number of foils N and the foil spac-
ing I,) are nearly identical, confirming that the
spectrum depends on the foil thickness l„and not
on /, or N (provided that I,» I,).
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FIG. 10. Experimental setup for measurements of the
total intensity.

radiation has been in saturation. In all these ex-
periments, performed with radiators with y~ & 10',
the measured energy dependence has agreed rea-
sonably well with the theoretical predictions.
From the discussion of Sec. II, however, one sees
that with the proper choice of parameters it is pos-
sible to design a radiator with y~ as large as 10'.
%'e have therefore built and tested a transition
radiation detector with y~ = 1.3 x 10'. Measure-
ments of the. frequency spectrum generated by 6.4-
GeV electrons in two radiators with high y~ were
presented in Sec. III. These results were shown
to agree weQ with the theoretical predictions. In
this section we discuss the results of measure-
ments of the total intensity generated in such a
radiator by electrons with energies from 5 to 30
Gev.

The measurements were performed on the M5
beam line of the Fermi National Accelerator Lab-
oratory. The experimental setup is shown in Fig.
10. T1, T2, T3, and T4 we're plastic scintillators
used to define the beam. A was a plastic anticoin-
cidence scintillator With a hole through its cen-
ter. The Cerenkov counter C and the shower
counter S (consisting of lead and plastic scintil-
lator T53 were used to select electrons and reject
protons, pions, and kaons. The fraction of elec-
trons in the beam decreased. from 40% at 5 GeV to
1Vo at 30 GeV. The radiator'consisted of 200 poly-
propylene foils with thickness 2.44 && 10 ' cm and
spacing 1.5 cm. The x-ray detector was the same
0.3V-mm-thick NaI scintillator described in Sec.
III.

An event was acaepted if a coincidence
C' T1' T2 T3 T4'A'S was observed. For each
event, the outputs from C, T2, T3, T4, S, and
the NaI detector were then simultaneously and in-
dependently pulse-height analyzed and recorded
on tape. Lower limits were set for the Cerenkov
counter and shower counter pulsec heights to en-
sure that only electrons were accepted. The beam
intensity was kept sufficiently low so that there
were very few multipaz'ticle events, whi;ch could
then be eliminated in the data analysis by applying
stri.ct upper limits to the T2, T3, and T4 scintil-
lator signals.

Measurements were made at 5, 15, and 30 GeV
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FIQ. 11. Pulse-height distributions measured in the
Nal scintillator. These distributions were measured
without Inagnetic deflection. The Landau-type distribu-
tion (heavy line) was observed with a solid polyethylene
background block in the beam. The shaded distribution
was obtained with a radiator with thick foi].s and large
spacings (V=200, E&-—.244 pm, E 2=1.5 cm, ~on~=86
keV, y&=1.3 ~ 10 ). The distributions are normalized
to the same number of events.
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FIG. 12. Energy dependence of total transition-radia-
tion intensity. The points are measured values, the
smooth curve is the calculated transition radiation yield,
and the dashed line is the average measured background
signal in the seintillator.

both with the radiator in the beam and with a solid
2 in. block of polyethylene in its place. Two pulse-
height distributions obtained at 30 GeV are shown
in Fig. ll. The unshaded histogram is mea. sured
with the background block in place. It shows the
expected Landau-type shape due primarily to ion-
ization losses in the detector, with an average
pulse height of 132+1 keV. With the plastic foils
in the beam, the distribution is shifted to higher
energies due to the presence of transition radia-
tion. The av'erage pulse height is now' 226+3 keV.
Note that the structure of the frequency spectrum
shown in Fig. 9 is completely washed out by the
presence of the ionization background.
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The average measured transition-radiation en-
ergy (i.e. , the difference between the average
pulse heights with and without the radiator) is
plotted in Fig. 12 as a function of electron energy.
Also plotted are the theoretical predictions ob-
tained from a Monte Carlo c'alculation similar to
that. used for the direct-beam analysis. In this
case, however, we include the ionization loss of
the electrons in the scintillator and neglect the
effects of the angular djstribution. There is no
correction for the overall normalization. The,
measured data points agree quite welk with the
calculated results.

The tmo distributions shown in Fig. 11 are well
separated. With some additional experimental
sophistication (such as the application of pulse-
shape-discrimination techniques, or the use of
a thinner detector or multiple radiators and de-
tectors to provide even better separation), such
radiators can be applied to the measurement of
particle energies as high as ye=10'. However,
a major limitation at high energies is the total
length of the radiator, which may become prohibi-

, tive for large solid angl. e and large area experi-
ments.

V. CONCLUSIONS

There are tmo aspects of this work to be con-
sidered. First, our understanding of the basic
physical mechanism of x-ray transition radiation
is quite accurate. The detailed theo'retical pre-
dictions, based on classical electrodynamics
without corrections to the radiation intensity due

to multiple scattering, are in good agreement
with our measurements of the frequency spectrum
and of the total intensity. The significance of the
radiator dimensions l, and l„which is essential
to optimum experimental applications, is well
understood. The foil thickness l, governs the fre-
quency ~ at which the final maximum in the
interference pattern appears, and the product of

l, times the spacing l, determines the saturation
energy y~. This is confirmed by the observations
of the structure of the interference pattern and

the hardening of the spectrum with increasing l„
and further 'indicated by the results on the energy
dependence at y ~ 104 obtained by using large ra-
diator dimensions.

Second, we may consider the experimental sig-
nificance of the agreement between the measured
results and the calculations. The importance of
the spectral measurements, and of the demon-
stration of the dependence of the spectrum on l„
is connected with the possibility of "tuning" the
radiator dimensions and detector thickness. In

practical applications, it is very important to

choose the foil thickness such that the frequency
range near e coincides with the sensitive region
of the detector. Another aspect of all experimental
applications is the energy dependence. The effect
of the dimensions on the energy dependence has
been illustrated in Fig. 2. This figure shows
clearly that with the proper choice of the radiator
parameters l, and l„ it is possible to use transi-
tion-radiation detectors over a wide range of in-
cident-particle Lorentz factors. So far, only
radiators with y~ = 104 have been used for the pur-
pose of particle identification. As shown in Fig.
2, it is feasible to obtain energy-dependent signals
over the wide range 300&y&10", and to use tran-
sition-radiation detectors to measure particle en-
ergies over that range. The technique is limited
at high y because radiator dimensions become very
large for y, ~ 10'. For low y, the low intensities
and the experi. mental difficulties involved in using
soft x rays appear to restrict x-ray transition-
radiation detectors to y~ —300. Within these lim-
its, however, such detectors can be used for a
variety of applications, including observations of
hadrons at accelerators" and measur ements of
the fluxes of high-energy cosmic-ray muons and
nuclei. ""~
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APPENDIX A: EFFECT OF MULTIPLE SCAT'TERING

Multiple scattering of the incident particles may
affect the measured transition radiation intensity
in two mays. First, in a narrow solid-angle ex-
periment, it may affect the detection of the radia-
tion by broadening the angular distribution of the
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incident particles and therefore removing x-. rays
from the acceptance cone of the detector. This
effect has been taken into account in the analysis
of the measured frequency spectra. in Sec. III.
Second, multiple scattering may affect the e~nis-
8'sotE Qf the x'adlatlon- by modlfylng the radlatlon
amplitudes at individual interfaces and the phase
relations between them. In thi. s section, we de-
rive the conditions under which scattering influ-
ences the emission process, and show that these
scattering effects a,re unimportant in our mea-
surements. Car lbian and PafQDlov have studied
the effect at a single vacuum-medium interface,
and Ter-Mikaelian' has considered the case of a
many-foll radiator with dlmenslons t', , small
compared to the fol'mation zones Zl, , [Eq. (6)].
These results are summarized by Harutyunian Rnd.

Prangyan, "who emphasize the qualitative differ-
ences between the single interface and many-fail
predictions. A more general dis"..ussion without

'

the ' estriction to small radiator dimensions is
required for the experimental results of Sec. III,
and. is presented bej.ow. %6 consider only the
case of 61.6ctrons.

Scattering must be considered if the average
multiple-scatteringangl. e is larger than the angle
of emlsslon. of radlatlon:

1d & MMB= 2 1+—((OI'+ &d2)
y2I

MS 4~y p I l, 2 (A4)

For the case of polypropylene foils with /, = 82 pm
and l, =l.4 mm, and for a typical value of y=0. 6,
+~=1.1 MeV. Scattering is therefore significant
only at very high frequencies. Even for smaller
values of X, scattering appears only at frequen-
cies much higher. , than those in our experiments.

Inequality {A4) is only a. necessary condition for
scattering to be importa, nt. At frequencies above
(dIIS~ tile scR't'tel'1Ilg coIldltloll (A1) ls 1116't only fol'
certain values of y. For the case of a vacuum-
medium interface (Id, =-0), scattering effects are

p t t tI nt fp t

pression for the average value of ~' may be de-
rived from the single-interface distribution (7).
In the particular and relevant case y{d, « ~ «y~„
the result is of the form (A3), with g weakly de-
pendent on {d and p:

jL

2[in{ye),jId) —1]
'

I' Qr the 6nex'gles and fx'equencles 1Q ou1 expex'1-
ments, X varies between about 0.3 and 4. %ith
expressions (A2) and (AS) for {e~')and {e»'),
inequality (Al) is satisfied only for frequencies

The dlstallce along the particle trajectory ovel
which the radiation is generated is given by the
formation zone in the gap material in the forward
dlrectlon, Zp(e=0) [Eq. (6)]. If the scR'ttel'lllg ill
the gaps is neglected compared to the scattering
in the foils, then the scattering develops over a
length /=N~l, in the foils, where. X~ is the num-
ber of. foils" in the length Z,(6=0):

Z,(e=0) 4c 1 Id, ' "'
+I +I, Id(l +I ) y' (d'

The multiple-scattering angle is given by

2 ~MB
MS ~2 (A2)

(0 2)1/3 —. )(8 (A3)

where X. 1, and & is defined in Eq. (5). An ex-
J

whel'6 y~'=-4II/II = 1720, and L is the radiation
length in the foils {1-=49cm in polypropylene).
Scattering begins to affect the radiation process
near the most probable emission angle 6, [Eq. (4)].
However, it is xeasonable to-assume the scatter-
ing influence does not become significant until one
approaches that angle near which the largest frac-
tion of the radiation is emitted. Numerical com-
pll'tR'tlons bRsed on Eq. (9) lndlcRte 'thRt 'tllls occlll's
weD above ~0, near

(A5)

In the case co,&0, for frequencies near cuMS, (A1)
is satisfied for a narrow range of I orentz factors
near

(A6)y, = (uMS/(&d l(d,)'/' ((u ~ Id ~), ,

and for very high frequencies ~ » ~~, scattering
is important in the range

where'

QI = ((d(dMB) /&dl Rnd f2 = (d /(d2(dMs

. For the numerical example above, 'Y, =5 x 10', 'Y,

=5 && 10 (e/1, 1 MeV)" ', and y, =4 && 10'(e/1. 1
M6V', "2.

In our experiments in Secs. III and IV (and in
most other practical applications using many-foil
radiators of plastic or lithium foils, or plastic
foam), conditions (A4)-(A"/) are Ilot satisfied, and
scattering effects on the emission of the radiation
can be neglected.

APPENMX 8: MFFRACTION CRYSTAL EFFICIENCIES

The spectral measurements of Sec. IIIA were
performed with two crystals which were highly re-
flective over the frequency range 4-30 keV:
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pentaerythritol (PET, 2d= 8.726 A) and lithium
fluoride (LiF, 2d= 2. 848 A). PET was used from
4 to IL1 keV; LiF was used over the entire fre-
quency range, Since the effective width of a crys-
tal (and therefore our reflected counting. rate) is
largest at small Bragg angles, measurements
were generally limited to angles below 30'. A

miniMum Bragg angle of 8 was used to ensure
that the projected cross section of the crystal
completely filled the collimator aperture. The
surface of the PET crystal was nearly perfect,
corresponding to the case of maximum resolution
and minimum ref lectivity described by the Dar-
win-Prins dynamical theory of x-ray diffraction. "
The LiF crystal, on the other hand, was abraded
with coarse sandpaper and then blown clean with
air in order to approximate a mosaic (ideally im-
perfect) surface, corresponding to the limiting
case of minimum resolution and maximum reflec-
tivity treated by the kinematical theory of x-ray
diffraction. " Calibration measurements of the
actual crystal efficiencies were performed using
two techniques: At high frequencies, we used the
balanced filter method of Ross" to obtain x-rays
over a narrow' frequency range from a broad-
band x-ray beam„and at low frequencies, fluores-
cence lines were used.

The balanced-filter technique is a difference
method. By an appropriate choice of thicknesses,
the difference in transmitted intensities through
two filters (generally of atomic numbers Z and

' Z+1) can be made to vanish at all frequencies ex-
cept those between the E absorption edges of the
two filters. From a beam of white radiation, it
is therefore possible to extract just that compo-
nent falling within the chosen frequency band, with

a resolution determined by the separation between
neighboring K edges —typically 0.5 to l keV. The
filters used for these calibrations, together with
their K edges, are listed in Table II. The bal-
anced filter method was used over the range 7-30
keV. The crystal efficiency was determined in
terms of the effective width ~&, defined in Sec.
III. We measured && di.rectly by using two filters
with E edges separated by the energy interval

If ~, was the count rate mea, sured with the
crystal, averaged over the range between the &

' edges, and N~ was the count rate measured with
the proportional counter directly in the beam
(that is, without the crystal), then the effective
width was given by «= &e~N, /N~. Bremsstrah-
lung beams produced from copper or molybdenum
targets were used. The filters were mounted on
rotating holders in order' to accurately balance
their thicknesses along. the beam. The uncertainty
in the final calibration introduced by the filter
balancing was 0.2-4/o.

At x-ray energies up to 8 keV, fluorescence
line excita, tion was used to provide a monochro-
matic beam. In this case, the standard integrated
ref lectivity 8, was measured, giving the effective
width through the relation && = KoB, cot~, where
8 is the Bragg angle. These measurements were
performed by R. L.- Blake and D. M. Barrus at the
Los A.lamos Scientific Laboratory. The apparatus
and similar measurements are described by
Burek et a/. ' Measurements have been performed
down to 4.9 keV for LiF and to 1.5 keV for PET.

Our results are plotted in Fig. 5 and tabulated
in Table G. The fluorescence line or filter pair
used at each frequency is listed in the table. In
Fig. 5, the solid points are determined from the

TABLE II. Crystal-calibration results.

Frequency
Cps tal (ke V) Angle

Effective
width (ev)

Fluorescence
line

Edge 1 Edge 2
Filter 1 (keV) Filter 2 (keV)

PET 1.49
2.62
3.69
3.6 9
7.41
8.04
8.04

72.8',
32.8
22.6 (ls t order)
50.3 (2nd order)
11.1
10.2 (1st order)
20.7 (2nd order)

0.211(+1.5 %)
0.41 (+2%)
1.03 (+2%)
0.026 (+3 %)
4.3 (+12 %)
7.2 (+2%)
0.50 (+3 %)

4.60x 10
9.97x 10
1.16x 10 4

8.34x 10
1.2 x1O 4

1.61x10 4

2.34x10 ~

A1K~
ClKn
CaK~
CaK~

CuK+
CuKn

Co 7-71

.LiF 4.86
7.41
8.04

17.55
18.49
23.78
26.12
28.56

63.5
36.0
32.8
14.4
13.6
10.6
9.60
8.77

0.67 (+2%)
1.9 (+12%)
2.42 (+2%)

17.9 (+14 %)
17.3 (~12%)
29.9 (+12 %)
33.2 (+12 %)
38.1 (+12%)

2.75
1.8
1.94
2.6
2.3
2e3
2.'2
2.1

x1O '
x]0 4

x]0 '
x1O '
x1O 4

x1O '
x1O '
x1O '

VZ'n

CuK&
Y
Zr

. Bh
Ag
In

7.11

17.05
18.00
23 21.
25.54
27.93

Zr
Nb
Pd
Cd
Sn

18.00
18.99
24.36
26.71
29.18

Co, . 7.71
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filter measurements. The major contribution to
the uncertainty, up to 10', came from instability
of the beam; filter ..balancing, counting statistics,
and background subtraction added a further 2-4%
uncertainty. The open triangles are the results
of the fluorescence line calibrations. The rather
small uncertainties (+29o) associated with' these
points are due to the presence of impurity ele-
ments in the fluorescence, target, electronic.
noise, and the cosmic-ray. background. Theo-
retical effective widths are also shojjrn for the
limiting cases of maximum and DMnimum reflec-
tivity" (inosaic an'd per'feet crystals, .respective-

ly). As expected, the measured points fall inside
the theoretical envelope. The PET points lie fair-
ly close to the perfect crystal curve at low fre-
quencies, while the I iF results fall near the'mo-
saic bmit. The deviations of the real crystals
from the ideal curves depend on the detailed crys-
tal defect structures. A fit to the measured data
points was used as the actual efficiency. In the
range 9-TV.keV, where there are no appropriate
filter pairs, we have used an extrapolation of our

"measurements at lower and higher frequencies;
we estimate an uncertainty in the effective width
of, at, most, 20Vo in that range.

\
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